Affleck-Dine (AD) baryogenesis along a d = 6 flat direction in gauge-mediated supersymmetry-breaking (GMSB) models can produce unstable Q-balls which naturally have field strength similar to the messenger scale. In this case a new kind of Q-ball is formed, intermediate between gravity-mediated and gauge-mediated type. We study in detail these new Q-ball solutions, showing how their properties interpolate between standard gravity-mediated and gauge-mediated Q-balls as the AD field becomes larger than the messenger scale. It is shown that E/Q for the Q-balls can be greater than the nucleon mass but less than the MSSM-LSP mass, leading to Q-ball decay directly to Standard Model fermions with no MSSM-LSP production. More significantly, if E/Q is greater than the MSSM-LSP mass, decaying Q-balls can provide a natural source of non-thermal MSSMLSPs, which can subsequently decay to gravitino dark matter without violating nucleosynthesis constraints. The model therefore provides a minimal scenario for baryogenesis and gravitino dark matter in the gauge-mediated MSSM, requiring no new fields. PACS numbers: 12.60.Jv, 98.80.Cq, 95.35.+d 
I. INTRODUCTION
Affleck-Dine baryogenesis is a particularly simple way to generate the baryon asymmetry in the MSSM [1] . However, in GMSB models, AD baryogenesis is severely constrained by Q-ball formation. For field strengths greater than the messenger mass, the potential is approximately flat. Q-balls forming in a flat potential have energy-per-charge E/Q ∝ Q −1/4 , therefore for Q large enough, E/Q is less then the nucleon mass m n . In this case, as a result of baryon number conservation, Q-balls cannot decay and would exist in the Universe at present [2] . Q-balls absorbed by neutron stars would destabilize the stars and so are observationally ruled out [3, 4] . Thus for AD baryogenesis to succeed in GMSB models, the Q-balls must be unstable.
In the MSSM with R-parity conservation, the lowest dimension flat directions which can support AD baryogenesis or leptogenesis are the d = 4 (H u L) 2 and d = 6 (u c d c d c ) 2 directions. d = 4 AD leptogenesis is a high reheating temperature (T R ) variant of AD baryogenesis, with T R ∼ 10 8 GeV. In contrast, d = 6 AD baryogenesis is a low reheating temperature variant, with T R < ∼ 100 GeV, where the low reheating temerpature is necessary to dilute the larger initial baryon density of the AD condensate. d = 4 AD leptogenesis along the (H u L) 2 direction is possible because the AD condensate decays and thermalizes at a temperature greater than that of the electroweak phase transition, T EW . In this case the lepton asymmetry is transferred to a baryon asymmetry via B + L-violating sphaleron fluctuations 1 . d = 6 AD baryogenesis is dynamically more complex. The AD condensate is unstable with respect to perturbations and fragments into condensate lumps, which subsequently evolve into Q-balls [2, [5] [6] [7] [8] [9] [10] [11] . The large field and baryonic charge of the d = 6 Q-balls protects them from thermalization and leads to a low decay temperature T d < ∼ 1 GeV [5, 6] . As a result, d = 6 Q-balls can be a natural source of non-thermal NLSPs in the MSSM [6, 12] . The formation of large charge Q-balls also protects d = 6 AD baryogenesis from the effect of additional lepton number violation in extensions of the MSSM, which could washout the baryon asymmetry from d = 4 AD leptogenesis. More importantly, late-decaying Q-balls could provide a minimal scenario for gravitino dark matter in the MSSM, which requires a natural source of non-thermal NLSPs.
In this paper we will focus on the case of d = 6 AD baryogenesis. In [13] we considered the case of AD baryogenesis along the d = 6 (u c d c d c ) 2 of the MSSM in GMSB. We showed that if the gravitino mass is large enough, not much smaller than 1 GeV, then it is possible for the AD field at the onset of baryogenesis to be similar to the messenger scale when the condensate fragments. In this case, since the Q-balls are not forming on the logarithmic plateau of the GMSB flat direction potential, they can have E/Q > m n and so can decay before the era of nucleosynthesis, avoiding the problem of stable Q-balls.
In addition, late-decaying Q-balls open up new possibilities for gravitino dark matter in the gauge-mediated MSSM. Decay of thermal relic MSSM-LSPs 2 as a source of gravitino dark matter appears to be generally ruled out by BBN constraints [14] 3 . (See [16] for a discussion of possible exceptions.) Therefore a non-thermal source of MSSM-LSPs is required. The MSSM-LSPs should be produced below the freeze-out temperature of the MSSM-LSP. In this case, non-thermal stau or sneutrino MSSMLSPs can produce gravitino dark matter and remain consistent with BBN if the MSSM-LSP mass is greater than around 300 GeV and m 3/2 < ∼ 1 GeV (see Figs.14 and 16 of [14] ), while a bino MSSM-LSP of mass greater than about 300 GeV is consistent with BBN if m 3/2 < ∼ 2 × 10 −2 GeV, with the upper bound on m 3/2 increasing with increasing bino mass (Figs. 9 and 10 of [14] ). Since d = 6 Q-balls typically decay below the MSSM-LSP freeze-out temperature, they can provide a natural source of non-thermal MSSM-LSPs in the gauge-mediated MSSM.
Alternatively, if RH sneutrino NLSPs have the right properties, Q-ball decay to RH sneutrinos might produce gravitino dark matter while remaining consistent with BBN even if m 3/2 > 1 GeV. In the case where only positive charged Q-balls result from condensate fragmemtation, B conservation combined with R-parity conservation implies that m 3/2 ≈ 2 GeV 4 . This is self-consistent with the large gravitino mass required to have unstable Q-balls. A successful RH sneutrino NLSP scenario with m 3/2 ≈ 2 GeV requires that the MSSM-LSPs from Q-ball decay can decay to RH sneutrinos before nucleosynthesis and that the RH sneutrinos can decay to gravitinos without violating nucleosynthesis and free-streaming constraints [18] , which might be achieved if the RH neutrinos have enhanced Yukawa couplings via the see-saw mechanism [19] .
The analysis of Q-ball decay in [13] was based on the assumption that the GMSB Q-balls with ϕ(0) ∼ M m , where ϕ(0) is the field strength at the centre of the Q-ball, could be approximated by gravity-mediated-type Q-balls. However, Q-balls in the transition region between the |Φ| 2 potential at |Φ|/M m ≪ 1 and the approximately constant (logarithmic) potential at |Φ|/M m ≫ 1 will be of a new type 5 , interpolating between gravity-mediated typewith E/Q approximately constant and gaugemediated type with E/Q ∝ Q −1/4 . Since the value of E/Q determines of the decay properties of the Q-balls, in particular their decay temperature and whether MSSM-LSPs are produced in Q-ball decay, it is important to understand these Q-balls in detail. In this paper we will study the Q-ball solutions in the transition region as a function of ϕ(0)/M m .
The paper is organized as follows. In Section 2 we discuss the flat-direction potential which models a generic GMSB flatdirection. In Section 3 we derive the equation for the Q-ball solutions. In Section 4 we show that the Q-ball solutions have a useful scaling property, broken only by small gravity-mediated contributions. In Section 5 we present our results for the properties of the Q-balls as a function of ϕ(0)/M m . In Section 6 we discuss the implications of our results for AD baryogenesis and gravitino dark matter. In Section 7 we present out conclusions.
II. FLAT-DIRECTION POTENTIAL IN GMSB
GMSB models are based on SUSY breaking in a hidden sector which is transmitted to the MSSM via vector pairs of messenger fields carrying SM gauge charges. The messenger superfield scalar components acquire SUSY breaking mass splittings from their interaction with the hidden sector. The messengers then induce masses for MSSM gauginos at 1-loop and soft SUSY breaking scalar mass squared terms at 2-loops. A key relation is that between the gravitino mass and the messenger mass, given by [13] 
where g is the gauge coupling of the messengers, κ is the superpotential coupling of the messengers to the SUSY breaking field and m s is the soft SUSY breaking scalar mass. Therefore, assuming minimal SUGRA,
Therefore large gravitino masses are required for large M m . Q-balls form in a scalar field theory with a global U(1) symmetry, when the potential V (|Φ|) is flatter than |Φ| 2 , corresponding to an attractive interaction between the scalar particles. In the case of GMSB models, the form of the flat direction potential in the region of |Φ| of interest is [13, 21] 
In this we assume |Φ| is small enough that the U(1)-violating A-terms and the non-renormalizable potential terms of the full GMSB potential can be neglected. The former condition is essential for the existence of Q-balls. The first term in Eq. (3) is due to GMSB with messenger mass M m . The factor multiplying this takes into account 1-loop radiative corrections due to gaugino loops once |Φ| < ∼ M m , with K ≈ −(0.01 − 0.1) [5] [6] [7] . The second term is due to gravity-medated SUSY breaking including the 1-loop correction termK. (For simplicity we setK = K.) In the limit |Φ|/M m ≪ 1, the potential Eq. (3) tends towards a gravity-mediated-type potential of the form
while in the limit |Φ|/M m ≫ 1 the potential has a slow logarithmic growth with |Φ| (the GMSB 'plateau') plus a small contribution from gravity-mediated SUSY breaking,
(The term proportional to K is a small correction to the potential in this case and may be neglected.) Q-ball solutions at ϕ(0)/M m ≪ 1 will have the form of gravity-mediated Q-balls, with a Gaussian profile ϕ(r) and constant E/Q ≈ m s . At |Φ|/M m ≫ 1, the potential is not exactly constant but the Q-balls are expected to be similar to those for a perfectly constant flat direction potential, which have E/Q ∝ Q −1/4 and therefore have a suppressed E/Q value at large enough Q.
In the case of d = 6 flat directions in GMSB, when m 3/2 = 2 GeV, which is consistent with gravitino dark matter from Q-ball decay in the case where only positively charged Q-balls form, the onset of oscillations of the Φ field occurs when |Φ| is close to or somewhat larger than the messenger mass. The precise value at which oscillations begin is sensitive to the non-renormalizable B-violating superpotential operator which lifts the flat direction. This is assumed to be of the form W = Φ 6 /6!M 3 , whereM is assumed close to the Planck scale,M = (0.1 − 1)M Pl . There is then a period of time during which quantum fluctuations of the AD field grow and |Φ| decreases due to the expansion of the Universe, eventually breaking up the condensate into fragments carrying large baryon number. As a result, for typical parameters in Eq. (3), the value of |Φ|/M m in the fragments is typically in the transition region betweeen |Φ|/M m ≪ 1 and |Φ|/M m ≫ 1. These fragments subsequently evolve into Q-balls. The evolution of the fragments into Q-balls is determined by the non-linear dynamics of Φ, and may result in the production of purely positive or both positive and negative charged Q-balls [22] .
The value of E/Q is crucial for determining the decay properties of the Q-balls. Each unit of Q corresponds to an R-parity odd squark absorbed by the Q-ball. Therefore |∆Q| = 1 corresponds to a change of sign of the R-parity of the Q-ball, and so a MSSM-LSP must be emitted by the Q-ball. Thus B conservation combined with R-parity conservation requires that n B = 3n χ from Q-ball decay, where χ denotes the MSSM-LSP. (In the following the global charge Q of Φ is normalized to 1, so that B = Q/3.) To have Q-ball decay to MSSM-LSPs which is not kinematically suppressed, we must therefore have E/Q > m χ , otherwise the decay would have to occur through |∆Q| = 2 processes to R-parity even final states of SM quarks and leptons. This process may be thought of as squarks in the Q-ball annihilating with each other to quark pairs, rather than individually decaying to a quark plus MSSM-LSP. This is a new mode of Q-ball decay which allows a new scenario for AD baryogenesis in GMSB models, with Q-balls decaying at low temperature to baryon number without accompanying MSSM-LSPs. This possibility has also been noted in [23] , where it plays a central role in an alternative model for gravitino dark matter from Q-ball decay.
III. Q-BALL SOLUTIONS FOR GMSB FLAT DIRECTIONS
Q-balls are minimum energy configurations for a fixed global charge Q. The solutions are obtained by introducting a Lagrange multiplier ω for the conserved charge and minimizing the functional
where
and
The minimum energy solutions have the form
where the Q-ball profile ϕ(r) is given by the solution of
with boundary conditions ϕ ′ (r) = 0 as r → 0 and ϕ(r) → 0 as r → ∞.
For the GMSB potential Eq. (3), the equation for the Q-ball profile is
(11) Our method to solve Eq. (11) is to fix the value of ϕ(0)/M m and integrate Eq. (11) with the boundary condition ϕ ′ (0) = 0. We then vary ω until ϕ(r) → 0 as r → ∞. This determines the Q-ball profile ϕ(r) and the value of ω for the given value of ϕ(0)/M m . The total charge of the Q-ball is then
while the total energy is
Using these can compute E/Q for the Q-ball. The radius of the Q-ball presented in our tables is defined to be the radius within which 90% of the total energy is found. In the limit ϕ(0)/M m ≪ 1, the Q-balls are of gravity-mediated type, in which case an exact solution exists. For the potential
the solution for ϕ(r) is
A key quantity for AD baryogenesis is the Q-ball decay temperature. Q-ball decay to fermions has an upper bound from Pauli blocking. On cosmological time scales this will generally be saturated, therefore [24] 
where k T = (g(T )π 2 /90) 1/2 and g(T ) is the effective number of relativistic degrees of freedom, with the expansion rate during radiation domination given by H = k T T 2 /M Pl .
IV. SCALING PROPERTIES OF THE Q-BALL SOLUTIONS
The solutions for any m s and M m can be obtained by rescaling the solution of Eq. (11), up to small corrections from the gravitino mass, which breaks scale-invariance. This can be seen by expressing the Q-ball equation in terms ofφ = ϕ/M m , r = rm s andω = ω/m s . Eq. (11) then becomes
In 
V. RESULTS
In Figures 1-3 In Figure 6 we show E/Q as a function of ϕ(0)/M m for K = −0.01 and m s = 100 GeV. (The corresponding value of ω for the Q-ball solutions is shown in Figure 7 .) A close-up of E/Q as a function of ϕ(0)/M m around ϕ(0)/M m ∼ 1 is shown in Figure 8 . E/Q decreases from E/Q ≈ m s to E/Q ≈ 0.15m s as ϕ(0)/M m increases from 0.01 to 100. Therefore, even for large ϕ(0)/M m , E/Q can be larger than the nucleon mass and Q-balls can be unstable. Even larger values of ϕ(0)/M m would be allowed with larger m s . Thus d = 6 AD baryogenesis can easily produce unstable Q-balls, even though E/Q can be signifincantly suppressed relative to m s .
In Figure 9 we show E/Q as a function of Q. For ln(Q) < ∼ 60, corresponding to ϕ(0)/M m < ∼ 1, E/Q becomes independent of Q, as expected for a gravity-mediated-type Q-ball. At larger Q we find an almost constant negative slope, coresponding to E/Q ∝ Q −n with n = 0.22. This differs slightly from the convenional value for gauge-mediated-type Q-balls, n = 0.25. However, n = 0.25 assumes a completely flat potential, whereas in our case there is a squared logarithmic potential.
In Tables 1-3 we give the numerical properties of the Q-ball solutions as a function of ϕ(0)/M m for the cases K = −0.01, m s = 100 GeV (Table 1) , K = −0.01, m s = 1 TeV (Table 2 ) and K = −0.1, m s = 100 GeV (Table 3 ). In particular, we show Q and T d as a function of ϕ(0)/M m . The tables assume M m = 10 14 GeV; the results can be scaled to other values of m s and M m by using the scaling properties discussed in the previous section. We see that a large baryonic charge is typical for the Q-balls, with Q > ∼ 10 21 for the examples given in the tables. As ϕ(0)/M m increases, the charge rapidly increases. As a result T d ∝ Q −1/2 rapidly decreases. For the case M m = 10 14 GeV and m s = 100 GeV in Table 1 
VI. CONSEQUENCES FOR AD BARYOGENESIS AND GRAVITINO DARK MATTER IN GMSB
There are two issues facing AD baryogenesis in GMSB models: (i) are the Q-balls sufficiently unstable to decay before BBN and (ii) if NLSPs are produced in Q-ball decay, can they decay to gravitinos (and, in particular, gravitino dark matter) without causing problems for BBN.
A new possibility in GMSB is that E/Q can be less than the MSSM-LSP mass but greater than the nucleon mass. This is in contrast to the case of gravity-mediated Q-balls, where E/Q is approximately equal to the mass of the squarks forming the Q-ball. Since squarks generally cannot be the MSSM-LSP (which we denote by χ), in this case E/Q > m χ and so the Q-balls can always decay to MSSM-LSPs. In GMSB models, on the other hand, if E/Q < m χ then decay to MSSM-LSPs is kinematically excluded. Q-balls can then only decay by a process which is related to annihilation of the squarks making up the Q-ball, producing only SM fermions. As a result, Q-ball decay will generally occur without problems for BBN due to subsequent MSSM-LSP decay. Therefore d = 6 AD baryogenesis can be generally consistent with BBN even in the case of large gravitino mass > ∼ 1 GeV, which is severely constrained by BBN [14] . Thermal relic MSSM-LSPs could still be a problem for BBN in this case, for example thermal relic bino dark matter is essentially ruled out for m 3/2 > 1 GeV (Fig.7 of [14] ). However, their density would be diluted by a factor (T R /T χ ) 5 if the reheating temperature is less than the MSSM-LSP freeze-out temperature.
In addition, |Φ|/M m could be significantly larger than 1 when the condensate fragments. This would allow smaller messenger masses to be consistent with unstable Q-balls. However, as we have shown, there will be an upper limit on |Φ|/M m from the decay temperature of the Q-balls. which decreases with ϕ(0)/M m and eventually will drop the nucleosynthesis bound.
In general, decay of thermal relic MSSM-LSPs cannot produce gravitino dark matter, since their decay would violate BBN constraints [14] . In addition, since the reheating temperature of the d = 6 AD baryogenesis model is low, T R < ∼ 10 GeV [13] , gravitino dark matter cannot be generated by thermal scattering. Therefore an alternative dark matter candidate to the gravitino LSP is necessary when E/Q < m χ . The density of this candidate should not be diluted by the low reheating temperature. A natural possibility is the axion, whose density is effectively created at the QCD phase transition at low temperature.
In the case where E/Q > m χ , GMSB Q-balls can decay to MSSM-LSPs. In this case, Q-ball decay to non-thermal MSSMLSPs may be compatible with BBN. This requires that m 3/2 < ∼ 1 GeV [14] . In the case where the AD condensate evolves to purely positive charged Q-balls, the gravitino LSP mass must be m 3/2 ≈ 2 GeV in order to account for dark matter. This is slightly larger than the upper bound from BBN. If the MSSM-LSP density from Q-ball decay can be slightly enhanced relative to the baryon density, decreasing the gravitino mass to less than 1 GeV, Q-ball decay could provide a mechanism for gravitino dark matter. This can be achieved if the AD condensate fragments to both positive and negative charged Q-balls. This has been observed in numerical simulations in the case where the original condensate fragments have more energy than Q-balls of the same charge [22] , in which case the excess energy is converted into ±Q-ball pairs. Such large energy fragments are natural in GMSB, since the AD condensate is strongly ellipitical. In this case the decay of the positive and negative charged Q-balls will increase the number of MSSM-LSPs produced per baryon number from Q-ball decay, since the MSSM-LSPs from ±Q-ball decay do not cancel. The necessary enhancement of the MSSM-LSP density is very modest, a factor of 2 being sufficient to have m 3/2 < ∼ 1 GeV. Such an enhancement is very likely to occur, based on the numerical results of [22] . A non-thermal MSSM-LSP density consistent with BBN could then be produced if 1 MeV < T d < T χ .
Therefore d = 6 AD baryogenesis could explain the baryon asymmetry and provide a natural source of non-thermal MSSMLSPs and gravitino dark matter in the gauge-mediated MSSM. This can be achieved with just the MSSM, requiring no additional particles or interactions.
To see if this Q-ball decay scenario for gravitino dark matter can be realized, we need to consider the full process of AD baryogenesis for a given set of potential parameters. We first need to compute the reheating temperature and the energy and charge of the condensate fragments. From the charge of the fragments we can estimate the charge of the resulting Q-balls and so determine the value of E/Q relative to the MSSM-LSP mass and whether the Q-balls decay before nucleosynthesis but after MSSM-LSP freeze-out. We also need to check that the messenger scale is plausibly compatible with the required gravitino mass from Eq. (1). A semi-analytical method to study AD baryogenesis and condensate fragmentation was given in [13] . It is beyond the scope of the present analysis to combine this method with the Q-ball solutions discussed here, but our initial estimates indicate the above scenario for d = 6 AD baryogenesis can be realized with reasonable assumptions for the parameters of the potential. We will present a complete analysis of the Q-ball decay model for baryogenesis and gravitino dark matter in a future study.
VII. CONCLUSIONS
We have presented a new type of Q-ball solution based on the form of flat-direction potential expected in d = 6 AD baryogenesis in the gauge-mediated MSSM. The solution interpolates between gravity-mediated-type Q-balls with constant E/Q at ϕ(0)/M m ≪ 1 and gauge-mediated-type Q-balls with E/Q ∝ Q −1/4 at ϕ(0)/M m ≫ 1. In general the gravitino mass should not be much smaller than 1 GeV in order to maintain the large messenger mass necessary for unstable Q-balls in d = 6 AD baryogenesis. The new Q-ball solutions can be unstable for ϕ(0)/M m significantly larger than 1, with values O (100) only suppressing E/Q to about 15% of the AD scalar mass, which is generally much larger than the nucleon mass. Therefore taking into account the time delay for the AD condensate to fragment, the AD field can be significantly larger than the messenger scale at the onset of AD baryogenesis and still produce unstable Q-balls. This will allow smaller messenger masses and so smaller gravitino masses to be compatible with unstable Q-balls. However, there will be an upper limit on ϕ(0)/M m from the Q-ball decay temperature and the nucleosyntheis bound. If E/Q is less than the MSSM-LSP mass, Q-balls can decay only via a squark annihilation process to SM quarks. Such Q-balls can in general evade BBN constraints on MSSM-LSP decay even for large gravitino mass. Therefore d = 6 AD baryogenesis can generally be compatible with BBN. In this case there is no source of gravitino dark matter, therefore an alternative candidate is necessary. This should be produced at a low enough temperature to evade dilution due to the low reheating temperature. An axion is a good candidate in this case.
In general, gravitino dark matter in the MSSM requires either gravitinos from thermal scattering or from non-thermal MSSMLSPs which are produced at low temperature, below the freeze-out temperature of the MSSM-LSPs. Unstable Q-balls provide a natural source of non-thermal MSSM-LSPs in the gauge-mediated MSSM with AD baryogenesis, since in the case of d = 6 AD baryogenesis the Q-balls typically decay at T d < ∼ 10 GeV. If E/Q is larger than the MSSM-LSP mass, the Q-balls will decay to MSSM-LSPs. To have decaying non-thermal MSSMLSPs which are compatible with nucleosynthesis, the gravitino must be sufficiently light, m 3/2 < ∼ 1 GeV for the case of stau or sneutrino MSSM-LSPs. This requires that the AD condensate fragments to both positive and negative charged Q-balls, since in the case where only positive charged Q-balls are produced the gravitino mass is fixed by B-conservation and R-parity conservation to be m 3/2 ≈ 2 GeV. In GMSB the AD condensate is ellipitical, which results in positive and negative charged Q-balls in numerical simulations. Therefore the factor of two enhancement of the MSSM-LSP density necessary to have m 3/2 < ∼ 1 GeV is likely to be naturally achieved.
In this case decaying Q-balls in d = 6 AD baryogenesis provides a remarkably minimal model for baryogenesis and gravitino dark matter in the gauge-mediated MSSM, requiring now new fields or interactions beyond the MSSM.
We note that in the case where gravitino dark matter and the baryon asymmetry both originate from Q-ball decay, there could be some unique signatures which could distinguish the model from a generic non-thermal source of gravitino dark matter. In particular, correlated baryon and dark matter isocurvature perturbations can be naturally generated in this class of model, due to phase fluctuations of the AD field [25] [26] [27] ].
An alternative model for gravitino dark matter from Q-ball decay has been proposed in [23] . This is based on Q-balls with E/Q less than the MSSM-LSP mass, so that the main decay mode is to nucleons, with a very small branching ratio to gravitinos 6 . By having a sufficiently ellipitical AD condensate, it is argued that a large number of ±Q-balls can be produced, enhancing the gravitino density relative to nucleons enough to account for gravitino dark matter. The Q-ball solutions we have discussed here should also be relevant to the study of that model also. It will be interesting to compare the model of [23] with ours in a complete study of the evolution of the AD condensate and its fragmentation.
In order to fully understand how the new Q-ball solutions and their decay modes affect d = 6 AD baryogenesis in GMSB and the possibility of gravitino dark matter, a global analysis which follows the evolution of the AD condensate from the beginning of its oscillations through fragmentation, Q-ball formation and decay is necessary. We will present such an analysis in a future work.
